JORDAN TRIPLE ELEMENTARY MAPS ON RINGS 



WU JING 

Abstract. We prove that Jordan triple elementary surjective maps on unital rings 
containing a nontrivial idempotent are automatically additive. 



The first result about the additivity of maps on rings was given by Martindale III 
in an excellent paper [7]. He established a condition on a ring TZ such that every 
multiplicative bijective map on TZ is additive. More precisely, he proved the following 
theorem. 

Theorem 1. Let TZ be a ring containing a family {ca : a G A} o/ idempotents 
which satisfies: 

(i) xTZ = {0} implies x = 0; 

(a) If ecJZx = {0} for each a E A, then x = 0; 

(Hi) For each a G A, CaXealZ^l — Cq) = {0} implies CaXCa = 0. 

Then any multiplicative bijective map from TZ onto an arbitrary ring TZ' is additive. 

As a corollary, every multiplicative bijective map from a prime ring containing a 
nontrivial idempotent onto an arbitrary ring is necessarily additive. 

During the last decade, many mathematicians devoted to study the additivity of 
maps on rings as well as operator algebras. In this paper we continue to investigate 
the additivity of Jordan triple elementary maps on rings. 

We first define Jordan triple elementary maps as follows. 

Definition 2. Let 7^ and TZ' be two rings, and let M: 7^ ^ 7^' and M* : 7^' ^ 7^ be 
two maps. Call the ordered pair (M, M*) a Jordan triple elementary map oiTZxTZ' 
if 

M{aM*{x)h + bM*{x)a) = M{a)xM{b) + M{b)xM{a), 
M*{xM{a)y + yM{a)x) = M*{x)aM*{y) + M*{y)aM*{x) 

for all a,b eTZ and x,y & TZ'. 

Let us now introduce some definitions and results. Let 7^ be a ring, if aTZb = {0} 
implies either a = or = 0, then TZ is called a prime ring. Ring TZ is said to be 
2-torsion free if 2a = implies a = 0. 
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Suppose that 7?. is a ring containing a nontrivial idempotent Ci. Let 62 = 1 — ei. 
Note that IZ need not have an identity element. We set TZij = CiTZej, for i,j = 1,2. 
Then we may write TZ = TZu © TZu © 7^2i © '7^22- It should be mentioned here that 
this significant idea is due to Martinadale ([?]) which has become a key tool in dealing 
with a large number of maps on some rings and algebras. In what follows, aij will 
denote that a^j G TZij (1 < i, j < 2). 

We denote by B{X) the algebra of all linear bounded operators on a Banach space 
X. A subalgebra of B{X) is called a standard operator algebra if it contains all finite 
rank operators in B{X). 

Let's state the main result of this paper. 

Theorem 3. Let TZ and TZ' he two rings. Suppose that TZ is a 2-torsion free unital 
ring containing a nontrivial idempotent ei and satisfies 

(P) e-iaejlZek = {0}, or eklZeiaCj = {0} implies Ciacj = (1 < i,j,k < 2), where 
62 = 1- ei; 

Suppose that M : TZ ^ TZ' and M* : TZ' ^ TZ are surjective maps such that 

f M{aM*{x)b + hM*{x)a) = M{a)xM{h) + M{h)xM{a), 
\ M*{xM{a)y + yM{a)x) = M*{x)aM*{y) + M*{y)aM*{x) 

for all a,b eTZ and x,y G TZ' . Then both M and M* are additive. 

To prove this theorem, let's introduce a series of lemmas. We begin with 

Lemma 4. M(0) = and M*(0) = 0. 

Proof We have M(0) = M(OM*(0)0 + 0M*(0)0) = M(0)OM(0) + M(0)OM*(0) = 0. 

Similarly, M*(0) = M*(OM(0)0 + OM(O)O) = M*(0)OM*(0) + M*(0)OM*(0) = 
0. □ 

The proof of the following lemma is straightforward. 

Lemma 5. Let a = an + ai2 + 021 + 022 G TZ. 

(i) If ttijtjk = for each tjk G TZjk (1 < k < 2), then aij = 0. 

Dually, if tkittij = for each tki G TZki (I < i,j, k <2), then aij = 0. 

(a) If ttijt + tttij G TZij for every Oij G TZij (1 < i, j < 2), then tji = 

(Hi) If ant + tan = for every an G TZn (i = 1,2), then an = 0; 

(iv) If ttjjt + tajj G TZij for every ajj G TZjj (I < i ^ j < j), then tji = and 

«ji = 0- 

Dually, if ajjt + tajj G TZji for every ajj G TZjj (I < i j < j), then sji = and 
ajj = 0. 

Lemma 6. M and M* are injective. 

Proof. We first prove that M is injective. Suppose that M(a) = M(6) for a,b E TZ. 
We write a = an + a^ + 021 + ^22 and b = bu + bi2 + 621 + ^22- 
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For arbitrary ty e TZij and Ski e TZki (1 < k,l <2), there exist x{i,j) e TZ' and 
y{k,l) e TZ' such that M*{x{i,j)) — tij and M*{y{k,l)) — s^i since M* is surjective. 
We now compute 

= M*(y(A:,/))aM*(x(^,j)) + M*(x(^,j))aM*(y(A;,/)) 

= M*(|/(A;,OM(a)a;(i,i)+x(z,i)M(a)?/(A;,0) 
= M*{y{k,l)M{b)x{iJ)+x{i,j)M{b)y{k,l)) 
= M*{y{k,l))bM*{x{i,j)) + M*{x{i,j))bM*{y{k,l)) 
— Skibtij + tijbski. 

Letting i = j = k = 1 and / = 2, we get Suatu + tiiasi2 = Si2^^ii + tiibsi2, which 
imphes that an = bu and a2i = 621- 

Similarly, we can get 022 — ^^22 and 012 — &12 by considering i — k — I — 2 and 
j = 1. Therefore, we arrive at a = 6. 

To show that M* is injective, let x,y E TZ' such that M*{x) = M*{y). For any 
tij G T^ij and s^i € 7?.^/, by the surjectivity of M*M, there are c{i,j) e 7?. and 
d{k,l) e 7e such that M*M{c{i,j)) = and M*M{d{k,l)) = Ski- 

We consider 

= M*M{c{i,]))M-\x)M*M{d{kJ)) + M*M{d{k,l))M-\x)M*M{c{i,j)) 

= M*(M(c(i, + M{d{kJ))xM{c{i,j))) 

= M*M{c{i,3)M*{x)d{k,l) + d{k,l)M*{x)c{i,j)) 

= M*M{c{i,j)M*{y)d{k,l) + d{k,l)M*{y)c{t,j)) 

= M*{M{c{t,j))yM{dik,l)) + M{d{k,l))yM{c{i,j))) 

= M*M{c{i,j))M-\y)M*M{d{kJ)) + M*M{d{k,l))M-\y)M*M{c{i,j)) 

With the same argument used in showing the injectivity of M, one can easily get 
M~^{x) — M~^{y). Therefore, x — y, this completes the proof. □ 

Lemma 7. The pair is a Jordan elementary map on TZ x TZ' . That is, 

r M*~\aM-\x)b + bM-\x)a) = M*~\a)xM*~\b) + M*~\b)xM*~\a), 
\ M-\xM* {a)y + yM*~\a)x) = M-\x)aM-\y) + M-\y)aM-\x) 

for all a,b gTZ and x,y G TZ' . 
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Proof. From 

M*{M*~\a)xM*"\b) + M*'\b)xM*'\a)) 
= M*{M*~\a)MM-\x)M*'\b) + M*'\b)MM'^{x)M*~\a)) 
= M* M*'\a)M-\x)M* M*'\b) + M* M*'\b)M~\x)M* M*~\a) 
= aM'\x)b + bM~\x)a, 

we can directly get M*'\aM-^{x)b+bM-^{x)a) = M*'\a)xM*'\b)+M*'\b)xM*'\a). 
The rest of the proof follows similarly. □ 

The following result will be used frequently in this note. 

Lemma 8. Let a,b,cen such that M{c) = M{a) + M{b). Then 

M*'' {tcs + set) = M*'' {tas + sat) + M*'' {tbs + sbt) 

for all t,s eTZ 

Proof. For every t, s G 7^, by Lemma [71 we have 

M*'\tcs + sct) 
= M*~' {tM-^M{c)s + sM-^M{c)t) 
= M*~' {t)M{c)M*'' (s) + M*'' {s)M{c)M*~' (t) 
= M*'\t){M{a) + M{b))M*'\s) + M*'\s){M{a) + M{b))M*~\t) 
= {M*'' {t)M{a)M*~' (s) + M*'' {s)M{a)M*'' {t)) 

+ {M*~\t)M{b)M*~\s) + M*~\s)M{b)M*~\t)) 
= M*~' {tas + sat) + M*~' {tbs + sbt) . 

□ 

Lemma 9. Let an G TZn and bij G TZij, ^ < i ^ j < 2, then 

(i) M{aii + bij) = M{aii) + M{bij); 

(ii) M*-\aii + bij) = M*'\aii) + M*'\bij). 

Proof. Let c G 7^ be chosen such that M{c) = M {an) + M {bij) . For arbitrary tij G TZij 
and da G TZn, by Lemma [H we have 

M* \tijcdii + diiCtij) 

]\d {tijandii -\- diittiitij) -\- AL {tijbijdn -\- dnbijtij) 
= M* \diiaiitij). 

Thus tijcdii ~\- diicbij dadiitij^ tijCjidn ~\~ daCatij dada tij . By Lemma [3, we 
have Cji = and cn = an. 
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Now for any tjj G TZjj and dji G TZji, using Lemma [H we have 

M* ^ {tjjcdji + djictjj) 

{tjjdiidji ~\- djiCliitjj^ -\- Ad {.^jj^ij^ji ~^ ^ji^ij^jj^ 

= M*'\d.jihijtjj). 

It follows that tjjcdji + djiCtjj = djibijtjj, and so tjjCjjdji + djibijtjj = djibijtjj, which 
leads to Cjj = and Cij = bij. Therefore c = an + bij, as desired. 

By Lemma [7] we can infer that (ii) holds. □ 

Similarly, we can get the following result. 

Lemma 10. Let an G TZn and bji G TZji, 1 < ^ 7^ J < 2, then 

(i) Ad {an + bji) = Ad {an) + Ad {bji); 

(ii) Ad*'\aii + bji) = M*'\an) + Ad*'\bji). 

Lemma 11. (i) Ad{ai2 + foi2C22) = M{ai2) + Ad{bi2C22); 
(ii) Ad*-\au + 612C22) = M*~\au) + M*"' (612C22); 
(Hi) M{a2i + 622021) = M(a2i) + M{b22C2i); 
(iv) M*~\a2i + 622C21) = Ad*'\a2i) + Ad*~\b22C2i) ■ 

Proof. We only prove (i) and (iii). 

Note that 012 + 612C22 = (ci + &i2)(0'i2 + £22)62 + 62(012 + C22)(ei + 612). We now 
compute 

M(ai2 + 612C22) 
= Ad{{ei + bi2){ai2 + 022)62 + 62(012 + C22)(6i + b^)) 
= M{{ei + 6i2)M*M*"'(ai2 + 622)62 + e2M*M*'\ai2 + e22)(6i + 612)) 
= M(ei + 6i2)M*~' (ai2)M(e2) + M(ei + 6i2)M*'' (c22)M(e2) 

+M(e2)M*"'(ai2)M(ei + 612) + Ad {62) Ad*'\c22) Ad {e^ + bu) 
= Ad{{ei + 612)01262 + 62012(61 + 612)) + M((ei + 612)02262 + 62622(61 + 612)) 
= M(ai2) + M(6i2 622 j • 

Similarly, we can get M(a2i + 622621) = ^(^21) + ^(622621) from the fact that 021 + 

622621 = (61 + 62i)(a2l + 622)62 + 62(021 + e22)(6i + 621). 

(ii) and (iv) follow from (i) and (iii) respectively by Lemma [71 □ 

Lemma 12. For any 012,612 G 7^i2, we have 

(i) AA{ai2 + 612) = M(ai2) + M(6i2); 

(ii) Ad*-\au + 612) = M*~'(ai2) + M*''(6i2). 
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Proof. We only show (i). We pick c = Cn + C12 + C21 + C22 G 7^ such that M(c) = 
M{ai2) + M(6i2). For any tu G Tin and S22 ^ "^22? we have 

M* \tuCS22 + S22Ctu) 
= M* \tua12S22 + S22ai2tu) + M* \t11b12S22 + S22bl2tu) 

= M* {tuai2S22 + tnbl2S22) ■ 

Note that we apply Lemma [8] in the first equality and Lemma [TT] in the last equality. 
Therefore we have tiics22 + S22ctu = tiiai2S22 + tiifoi2'S22- Consequently, 

^llC2lS22 + S22C21^11 = ilia.l2S22 + ^11&12'S22- 

It follows that C21 = and cu = ai2 + &i2- 

To complete the proof it remains to show that Cn = C22 = 0. For arbitrary t2i ^ "^21 
and S12 G 7^i2, by Lemma [HI we compute 

M* \t2iCS12 + Si2Ct2l) 
= M* \t2ia12S12 + Si2ai2t2l) + M* \t2ib12S12 + Si2bi2t2l) 

= 0. 

This yields that t2icsi2 + Si2ct2i = 0. Furthermore, t2iCiiSi2 + 512022^21 = 0. By 
Lemma [5l we see that cn = C22 = 0. □ 

Lemma 13. The following hold. 

(i) M{a2i + 621) = M(a2i) + M{b2i); 

(ii) M*~\a2i + 621) = M*~\a2i) + M*'\b2i). 

Proof. Let c = Cn + C12 + C21 + C22 G 7^ be chosen such that M(a2i) + M(f)2i) = M(c). 
For any ^22 G 7^22 and Su G T^-n, using Lemma [8] and Lemma \\A\ we have 

M* \t22cs11 + ^11^22) 
= M* \t22a21S11 + Siia2i^22) + M* \t22b21Sn + Snb2it22) 

= M*" (t22a2lSii) + M*" (t22&2lSll) 
= M* \t22a2lSn+t22b2lSu) 

which implies that t22CSii + Siict22 = i22a'2i'5ii + ^22^2i'Sii, and so 

t22CSn + SnCt22 = ^22a2lSll + t22&2lSll. 

It follows that 

^22C2lSii + 511012^22 = '^220'2lSii + t22&21'Sll- 

Therefore we can infer that C12 = and C21 = 021 + f'2i- 
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We now show that Cn = C22 = 0. To this aim, for any ti2 G TZu and S21 G 7^2i, 
let's consider 

M* \t12CS21 + S2lCti2) 

= M* \t12a21S21 + S2ia2iti2) + M* ()f:i2&2iS2i + 521621^12) 
= 0. 

It follows that ti2CS2i + S2iCi(:i2 = 0, and so ti2C22S2i + S2iCiiti2 = 0. Hence cn = C22 = 
0. The proof is complete. □ 

Lemma 14. For arbitrary an, 611 G TZu, the following are true, 
(i) M{an + bu) = M(an) + M{bu); 
(11) M*'\an + bn) = M*~\an) + M*'\bn). 

Proof. We only prove (i). Pick c = cn + C12 + C21 + C22 G 7^ such that M(c) = 
M(aii) + M(6n). 

For any ^22 G 7^,22 and Sij G TZij, by Lemma [HI we have 

M* \t22CSij + SijCt22) = M* \t22anSij + Sijant22) + M* \t22bnSij + 5^^611^22) = 0. 
This implies that 

(1) t22CSij + SijCt22 = 0. 

Letting i = j = 1 in the above equality, we get t22C2iSii + 511012^22 = 0, it follows 
that C21 = C12 = 0. 

If we let z = 2 and j = 1 in equality ([1]), then we get t22C22'S2i + 521012^22 = 0. 
Therefore C22 = 0. 

To complete the proof it remain to show that Cn = au + bu. For arbitrary ti2 G TZu 
and Sii G TZn- We compute 

M* \t12csn + Snctu) 
= M*^ (ti2aiisn + snanti2) + M*~ {ti2b 
= M*-\snanti2) + M*-\snb^iti2) 
= M* \snant12 + subutu). 

It follows that ti2CSii + Sucti2 = Suaiiti2 + Snbntu, and so ti2C2iSii + SiiCiiti2 = 
Siiaiiti2 + Siibuti2- By Lemma [Sj we arrive at cn = an + bn. □ 

Similarly, we have 

Lemma 15. For arbitrary a22, ^22 G 7^22? we have 

(i) M{a22 + 622) = M(a22) + M(622); 

(ii) M*~\a22 + 622) = M*"'(a22) + M*"'(622). 
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Lemma 16. For arbitrary an G TZu and 622 ^ "^22? the following hold, 
(i) M{an + ^22) = M{an) + M{b22); 
(11) M*'\au + 622) = M*'\aii) + M*'\h22). 

Proof. We only prove (i). Let c = cn + C12 + C21 + C22 be an element of TZ satisfying 
M(c) = M(aii) + M(a22). 

For any tn G TZu and S21 G 7^21, we compute 

M* \t11CS2i + S2lCtii) 

= M* \tuauS21 + S2iaiitii) + M* \tub22S21 + S21 622^11) 
= M*''(s2iantii). 

This implies that tiics2i + S2ictii = S2iaiitii. It follows that tiiCi2S2i + S2iCiifii = 
S2iaiitii, and so C12 = and cn = an. 

To complete the proof, we need to show that C22 = &22 and C21 = 0. For any 
^22 £ "^22 and S12 G 7li2, we obtain 

M* \t22CS12 + Si2Ct22) 
= M* (t22ailSi2 + Si2ailt22) + M* (^22^*22512 + 512^22^22) 

= M*"' (512622^22). 

It follows that t22CSi2 + Si2Ct22 = Si2fo22^22, which leads to f22C2lSi2 + 512022^22 = 

■512^*22^22, and so C22 = &22 and C21 = 0. The proof is done. 

□ 

Lemma 17. For arbitrary au G 7li2 and 621 G 7^2i; we have 
(i) M{au + &21) = M(ai2) + M(62i); 
(ti) M*'\ai2 + ^21) = M*'\a^2) + M*"'(62i). 

Proof. Suppose that M(c) = M(ai2) + M(a2i) for some c = cn + C12 + C21 + C22 G TZ. 
Now for arbitrary ti2 G 7?.i2 and Sn G T^n, we have 

M* '(ti2CSii + SiiCti2) 

= M* (ti2ai2Sii + Siiai2ti2) + M* (ti2b2iSii + 511621^12) 

= M*~\ti2b2lSll). 



Therefore 



^12C'Sll + SiiCti2 — tl2^2lSll, 



i. e., ti2C2iSii + SiiCiifi2 = ti2^2iSii. This implies that C21 = 621 and Cn = by 
Lemma O 
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We now show that C12 = ai2 and C22 = 0. For any ^21 ^ "^21 and S22 G 7^22, "we 
obtain 

M* \t2iCS22 + S22Ct2l) 
= M* \t21a12S22 + S22ai2t2l) + M* \t21b21S22 + S22b2lt2l) 
= M* \t2iai2S22)- 

Then we get 

i2lCS22 + S22Ct21 = ^21(312522, 

that is 

^2lCl2S22 + ■S22C22^21 = ^21^12522, 

which imphes C12 = 012 and C22 = 0. 

□ 

Lemma 18. For any an G TZu, &12 G ^^12, and C21 G 7^2i; we have 
(i) M{an + bu + C21) = M(aii) + M{bu) + M(c2i); 
(zz) M*'\au + bi2 + C21) = M*'\an) + M*'\bi2) + M*'\c2i). 

Proof. We choose d = du + ^12 + c?2i + c/22 e 7^ such that M{d) = M{au) + M{bi2) + 
M(c2i). By Lemma [9] and Lemma [TOl we have 

(2) M(£/) = M(aii + 612) + M(c2i) 
and 

(3) = M(an + C2i) + M(&i2). 

For any t2i G 7^2i and S12 G 7^i2, by Lemma [8] and equation ([2]), we have 

M* '(t2lC^Sl2 + Si2dt2l) 

= M{* '^21 (an + &i2)si2 + si2(aii + 612)^21) + M* \t21C21S12 + si2C2it2i) 
= M* \t21auS12), 
which yields that 

t2ldSi2 + 512^^21 = ^2iail'Sl2- 

Furthermore, 

t2lduSi2 + 512^22^21 = ^21^11512. 

Therefore dn = oii and ^22 = 0. 

In order to complete the proof, we need to show that ^22 = and ^21 = C21. For 
arbitrary ^22 ^ "^22 and S12 G 7li2, using Lemma [8] and equahty ([3]), we have 

M* \t22dS12 + Si2dt22) 
= M* \t22iau + C2l)Si2 + Si2(aii + €21)^22) + M* \t22bi2S12 + Si2&12t22) 
= M*"'(t22C2lSi2). 
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This leads to 

t22dSi2 + Si2dt22 = t22C2lSl2- 

Then we get 

^22<^21'Sll + Si2C?22^22 = ^22C2lSi2. 

It follows form Lemma [5] that ^22 = and d2i = C21. □ 
Similarly, we have the following 

Lemma 19. For any ai2 G TZu, ^21 ^ "^21; (ind C22 G 7^.22, we have 

(i) M(ai2 + 621 + C22) = M(ai2) + M(62i) + M(c22); 

(ii) M*~\ai2 + &21 + C22) = M*~\ai2) + M*~\h2i) + M*"'(c22). 

Lemma 20. For any an G IZu, 612 G 7^i2, C21 G 7^2i, o?^<^ (^22 G 7^22, ^/^e following 
hold. 

(i) M{an + bi2 + C21 + ^22) = M{au) + M{bu) + M(c2i) + M(d22); 

(it) M*'" (an + 612 + C21 + ^22) = M*'" (an) + M*'" (612) + M*'" (c2i) + M*~' (^2) ■ 

Proo/. We pick f = f^^ + f^^ + /21 + /22 G 7^ such that 

M(/) = M(an) + M{hi2) + M(c2i) + M(42) = M(an + ^2) + M(6i2 + C21). 
For any tu G T^n and S12 G 7?.i2, we obtain 
M*"'(tnM2 + Si2/tn) 
= M* '(tn(aii + c?22)si2 + Si2(an + (^22)^11) 

+ M*"'(tn(fel2 + C2l)Si2 + Si2(&12 + C2l)tn)) 

= M*'" (tnaiisi2) + M*'" {suC2itu) 

= M* \tiiauSi2 + Si2C2itn). 

Note that in the last equality we apply Lemma fT8l Then we get tnfsu + sufhi = 
tiianSi2 + Si2C2iiii. Furthermore, we have 

^ll/llSl2 + ■§12/211^11 = ^11^11512 + Si2C2ltn- 

It follows form Lemma [5] that /n = an and /21 = C21. 

We now show /22 = (^22 and /12 = bi2. For any t22 G 7^22 and S21 G 7^21, we consider 

M*"'(t22/S21 + S2l/t22) 

= M* '(t22(aii + 42)521 + S2i(aii + ^^22)^22) 

+M* {t22{hl2 + C2l)s21 + S2l(6l2 + C2l)t22) 
= M*'" {t22d22S2l) + M*"' (321612^22) 
= M* '(^2242^21 + S21&12i22)- 

Consequently, 

^22/^21 + S2lft22 = t22d22S21 + ■521^12^22) 
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this implies that t22/22'S2i + 521/12^22 = ^22^^22-521 + ■521^12^22- Thus /22 = c?22 and 
/12 = bi2. □ 

Proof of Theorem [3] We first show that M is additive. Let a = an + ai2 + 021 + 022 

and 6 = 611 + bi2 + 621 + ^22 be two arbitrary elements of TZ. We have 

M{a + b) 

= M{{an + bn) + (ai2 + 612) + (021 + 621) + (022 + ^22)) 

= M(aii + 611) + M(ai2 + ^12) + M(a2i + ^21) + M(a22 + ^22) 

= M(aii) + M(6n) + M(ai2) + Mibu) + M(a2i) + M(62i) + M(a22) + M(622) 

= M(aii + ai2 + 021 + a22) + + 612 + 621 + ^22) 

= M{a) + M{b). 

That is, M is additive. 

We now turn to prove that M* is additive. For any x, y G TZ', there exist c = 
cii + C12 + C21 + C22 and d = dii + du + c^2i + c^22 in TZ such that c = M*(x) + M*{y) 
and d = M*(x + y). 

For arbitrary tij G T^jj and Ski G T^a;/ (1 < ^li, k,l < 2), using the additivity of M, 
we compute 

M{tijCSki + Skictij) 

= M{U,{M*{x) + M*{y))ski + SfcKM*(x) + M*{y))U,) 

= M{UjM*{x)ski) + M{U,M*{y)sM) + M{smM*{x)U,) + M{skiM*{y)U,) 

= M{UjM*{x)ski + SkiM*{x)U,) + M{U,M*{y)ski + SkiM*{y)Uj) 

= M{tij)xM{ski) + M{sM)xM{tij) + M{tij)yM{ski) + M{sM)yM{tij) 

= M{Uj){x + y)M{ski) + M{ski){x + y)M{tij) 

= M{UjM*{x + y)ski + SmM*{x + y)Uj) 

= M{tijdski + Skidtij). 

Therefore, 

(4) UjCSki + Skictij = Ujdski + Skidtij. 

Letting i = j = k = 1 and Z = 2 in equality (jlj), we get 

^iiCiiSi2 + Si2C2itii = tndnSu + Si2d2itn- 
It follows that Cii = dii and C21 = (^21. 

We now set i = j = A; = 2 and / = 1 in equality (j4]), then we obtain 

^22CS21 + S2lCt22 = ^22'^'521 + 'S2l'^^22) 

that is, 

^22C22'521 + 521012^22 = ^22t?22S21 + 521^12^22- 
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By Lemma [5], we get C22 = (^22 and C12 = di2. Therefore, c = d, i.e., M*{x + y) = 
M*{x) + M*{y), which completes the proof. 

For the case of Jordan triple elementary maps on prime rings we have the following 
result. 

Corollary 21. Let TZ be a 2-torsion free unital prime ring containing a nontrivial 
idempotent ei, and TZ' be an arbitrary ring. Let M: TZ ^ TZ' and M* : TZ' TZ be 
two surjective maps such that 

( M{aM*{x)b + bM*{x)a) = M{a)xM{b) + M{h)xM{a), 
\ M*{xM{a)y + yM{a)x) = M*{x)aM*{y) + M*{y)aM*{x) 

for all a, b & TZ, x,y eTZ' . Then both M and M* are additive. 

Proof. Since TZ is prime, it is easy to check that condition (P) of Theorem [3] holds 
true. Now the proof goes directly. □ 

We complete this note by considering Jordan triple elementary maps on standard 
operator algebras. 

Corollary 22. Let A be a unital standard operator algebra on a Banach space of 
dimension greater than 1, and TZ an arbitrary ring. Suppose that M : A ^ TZ and 
M* : TZ ^ A are surjective maps such that 

r M{aM*{x)b + bM*{x)a) = M{a)xM{b) + M{b)xM{a), 
\ M*{xM{a)y + yM{a)x) = M*{x)aM*{y) + M*{y)aM*{x) 

for all a,b E A, x,y eTZ. Then both M and M* are additive. 
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